Iannucci considered the positive divisors of a natural number n that do not exceed √ n and found all numbers whose such divisors are in arithmetic progression. In this paper, we generalize Iannucci's result by excluding the trivial divisors 1 and √ n from consideration. In other words, we loosen the condition Iannucci put on the arithmetic progression but are still able to characterize all natural numbers whose nontrivial, small divisors are in arithmetic progression. Surprisingly, though the condition is loosened, the length of our arithmetic progression cannot exceed 5.
INTRODUCTION AND MAIN RESULTS
For a natural number n, its divisors not exceeding √ n are called small. The phrase small divisors, as used here, is not to be confused with classical small divisor problems of mathematical physics. In a recent paper, Iannucci [3] showed a nice and surprising result that charaterizes all natural numbers whose small divisors are in arithmetic progression (AP). In particular, Iannucci defined S n := {d : d | n, d ≤ √ n}. (1.1) and analyzed the divisor-counting function to argue about the prime factorization of n when |S n | ≤ 6. Then he showed that if S n is in AP, |S n | cannot be greater than 6 and finished the proof. For previous work on divisors in or not in AP, see [1, 5] and on small divisors, see [2, 4] . By Definition (1.1), 1 is in S n and this trivial divisor gives information about the AP. Because the inclusion of 1 plays a crucial role in the argument of Iannucci, our goal is to exclude 1 and √ n from consideration to produce a more general theorem. For a natural number n, define
We shall determine all n such that A n is in AP; that is,
. . , (k − 1)a + d} for some natural numbers k, d and a. Observe that if we write n = p a 1 1 · · · p a ℓ ℓ , where p 1 < p 2 < · · · < p ℓ are primes and a i ≥ 1, then d = p 1 . For the ease of reading, we stick with these notation throughout the paper. Also, we assume that A n is in AP. To avoid trivial cases, we only concern ourselves with n ≥ 2. The following is our main theorem. Theorem 1.1. If A n is in AP, then one of the following is true.
(i) n = p or n = p 2 for some prime p, hence A n = ∅. (ii) n = pq for some primes p < q, hence A n = {p}. (iii) n = p 3 or n = p 4 for some prime p, hence A n = {p}. (iv) n = p 5 for some prime p, hence A n = {p, p 2 }.
(v) n = pq 2 for some primes p < q, hence A n = {p, q}. (vi) n = p 2 q for some primes p, q such that p 2 < q, hence A n = {p, p 2 }. (vii) n = pq 2 for some primes p < q < p 2 , hence A n = {p, q}. (viii) n = p 6 for some prime p, hence A n = {p, p 2 }.
(ix) n = 36, hence A n = {2, 3, 4}. (x) n = pqr for some primes p < q < r such that 2q = p + r, hence A n = {p, q, r}.
(xi) n = 24, hence A n = {2, 3, 4}.
(xii) n = 60, hence A n = {2, 3, 4, 5, 6}.
Because A n ⊆ S n , it is straightforward to deduce [3, Theorem 4 ] from our Theorem 1.1. As usual, we have the divisor-counting function τ (n) := d|n 1.
Since τ (n) is multiplicative, for the m distinct primes p 1 < p 2 < · · · < p m , and natural numbers a 1 , a 2 , . . . , a m , τ (p a 1 1 p a 2 2 · · · p am m ) = (a 1 + 1)(a 2 + 1) · · · (a m + 1).
Since |S n | = |A n | + 2 if n is a square; |A n | + 1 if n is not a square, we have
In Section 2, we prove that for all n ∈ N, |A n | ≤ 5. In Section 2 and the Appendix, we analyze |A n | = k for each 0 ≤ k ≤ 5 to prove Theorem 1.1. Since the case analysis when k = 5 is lengthy and not interesting, we move it to the Appendix.
2. OUR SET A n HAS AT MOST 5 NUMBERS.
In this section, we assume that A n is in AP and prove that |A n | ≤ 5. Note that this bound is sharp since A 60 = {2, 3, 4, 5, 6}. Lemma 2.1. If a = 1 or a = 2, then |A n | = k ≤ 5.
Proof. Assume, by contradiction, that k ≥ 6. If n has exactly one prime divisor, then write n = p u for some prime p and u ≥ 1. So, A n = {p, p 2 , p 3 , . . . , p k }. However, p, p 2 , p 3 are not in AP for all p. Hence, n must have at least two distinct prime divisors, called p 1 and p 2 .
First, we consider a = 1. The two smallest numbers in A n are p 1 and p 1 + 1. It follows that p 1 + 1 ≤ p 2 . There are two possibilities:
(i) p 1 + 1 = p 2 1 . Because for all primes p, p 2 > p + 1, this case cannot happen. (ii) p 1 + 1 = p 2 . So, p 1 = 2 and p 2 = 3. Then A n = {2, 3, 4, . . . , m} for m ≥ 7.
By [3, Lemma 2] case a = 1, we have a contradiction. Suppose that a = 2. The three smallest numbers in A n are p 1 , p 1 + 2 and p 1 + 4. Suppose that n has three distinct prime factors. It follows that p 1 + 2 ≤ p 2 and p 1 + 4 ≤ p 3 . As above, there are two possibilities for p 1 + 2:
(i) p 1 + 2 = p 2 1 , which implies that p 1 = 2. Then the three smallest numbers in A n are 2, 4, 6. However, since 6 | n, 3 | n, so 3 ∈ A n , a contradiction.
Lemma 2] case a = 2, we have a contradiction. Hence,
Clearly, either u 1 or u 2 = 0. If u 1 = 0, p u 2 2 = p 2 + 2 has no odd prime solutions p 2 for all u 2 ≥ 0. If u 2 = 0, p u 1 1 = p 2 + 2 = p 1 + 4 has no prime solutions p 1 for all u 1 ≥ 0. So, n has exactly two distinct prime factors p 1 and p 2 . As above, p 1 + 2 = p 2 1 , so p 1 + 2 = p 2 . Again, write p 1 + 4 = p u 1 1 p u 2 2 for some u 1 , u 2 ≥ 0. As above, we have a contradiction. Therefore, k ≤ 5, as desired.
Lemma 2.2. The following are true.
(i) If |A n | = k ≥ 6, then a is even.
Proof. First, we prove item (i) Suppose that p 1 is odd. Since p 1 + a ≤ p 2 , we have p 1 + a = p 2 or p 1 + a = p 2 1 . In both cases, a is even. Suppose that p 1 = 2. Then A n = {2, 2 + a, 2 + 2a, . . . , 2 + (k − 1)a}. Again, either 2 + a = p 2 1 = 4 or 2 + a = p 2 . If the former, a is even. If the later, we show a contradiction. The third term in A n is 2(a + 1) = p 1 (a + 1). Because a + 1 | n and a + 1 < a + 2, a + 1 ∈ A n . It must be that a + 1 = 2. So, a = 1. By Lemma 2.1, k ≤ 5, a contradiction. So, if |A n | = k ≥ 6, a must be even. Now we prove item (ii). Assume, by contradiction, that p 1 = 2. If 4 | n, then a ≤ 2. By Lemma 2.1, k ≤ 5, a contradiction. So, 2 || n and so 2 + a = p 2 . However, by item (i), a is even, which implies that 2 | p 2 , a contradiction. Therefore, p 1 ≥ 3. Proof. Suppose otherwise. That is, a > 2 and k ≥ 6, but k ≤ a + 2. We proceed by proving two following claims.
(i) p 1 | a.
(ii) n has at least k − ⌊(k − 1)/3⌋ distinct prime factors.
Proof of (i): Suppose that p 1 | a. Write a = up 1 for some u ∈ N. Then A n = {p 1 , (u + 1)p 1 , (2u + 1)p 1 , . . . , ((k − 1)u + 1)p 1 }.
So, u + 1, 2u + 1 ∈ A n . Since u + 1 < (u + 1)p 1 , u + 1 = p 1 . Similarly, either 2u + 1 = p 1 or 2u + 1 = (u + 1)p 1 . Plugging p 1 = u + 1 into both equations gives u = 0, a contradiction. Hence, p 1 | a.
Proof of (ii): Let S = {p 1 + ja : 1 ≤ j ≤ k − 1}. Let S 1 = {s ∈ S : p 1 | s} and S 2 = S\S 1 . Due to claim (i), for all s = p 1 + ja ∈ S, p 1 | s if and only if p 1 | j. So, |S 1 | = ⌊(k − 1)/p 1 ⌋ ≤ ⌊(k − 1)/3⌋ (due to Lemma 2.2 item (ii)) and so
We claim that s is prime for all s ∈ S 2 . Otherwise, if s = ja + p 1 ∈ S 2 is composite, then there exist 1 ≤ b, c < j such that ja + p 1 = (ba + p 1 )(ca + p 1 ). Note that b, c ≥ 1 because p 1 | s. We have
≥ (a + p 1 ) 2 = (a + 2p 1 )a + p 2 1 > (k − 1)a + p 1 , a contradiction. Therefore, all numbers in S 2 are prime; together with p 1 , we know that n has at least k − ⌊(k − 1)/3⌋ distinct prime factors.
So, τ (n) ≥ 2 k−⌊(k−1)/3⌋ . By (1.3) ,
which is clearly false as k ≥ 6. Hence, k ≥ a + 3, as desired.
Lemma 2.4. If a > 2, then |A n | = k ≤ 5.
Proof. Assume, by contradiction, that a > 2 and k ≥ 6. By Lemma 2.2, a is even; hence, a ≥ 4. By Bertrand's postulate, there exists a prime q such that a/2 < q < a. Let
Since q < a, by Lemma 2.3, Q ⊂ A n . Since q | a, it follows that no two elements of Q are congruent modulo q. Hence, there exists j such that 1 ≤ j ≤ q such that q | ja + p 1 . Therefore, q | n and q < √ n. So, q ∈ A n . Because q < a, the only possibility is q = p 1 .
Observe that p 1 + qa = q(a + 1), so a + 1 ∈ A n . Write
A n = {q, q + a, q + 2a, . . . , q + (k − 1)a} to see that a + 1 / ∈ A n . We have a contradiction. Therefore, k ≤ 5.
From Lemma 2.1 and Lemma 2.4, if A n is in AP, then |A n | ≤ 5.
ALL POSSIBLE FORMS
We consider natural numbers n such that |A n | does not exceed 5. Again, we assume that A n is in AP to characterize n.
Proof of Theorem 1.1. We prove by case analysis with each case corresponding to each 0 ≤ k ≤ 4. For each value of k, we may itemize further if necessary. For k = 5, see the Appendix.
Case 1: k = 0. By (1.3) , τ (n) = 2 or 3. By (1.2) , n = p or n = p 2 for some prime p. In both cases, A n = ∅, which is vacuously in AP. This corresponds to item (i) of Theorem 1.1.
Case 2: k = 1. By (1.3) , τ (n) = 4 or 5. By (1.2) , n = pq, p 3 or p 4 for some primes p < q. In all cases, A n = {p}, which is vacuously in AP. This corresponds to items (ii) and (iii).
Case 3: k = 2. By (1.3), τ (n) = 6 or 7. By (1.2), n = p 5 , pq 2 , p 2 q or p 6 for some primes p < q.
If n = p 5 , then A n = {p, p 2 }, which is in AP. This is item (iv). If n = pq 2 , then A n = {p, q}, which is in AP. This is item (v). If n = p 2 q, then we have two subcases. If p 2 < q, then A n = {p, p 2 }. This is item (vi). If p 2 > q, then A n = {p, q}. This is item (vii). If n = p 6 , then A n = {p, p 2 }, which is in AP. This is item (viii). Case 4: k = 3. By (1.3), τ (n) = 8 or 9. By (1.2), n = pqr, pq 3 , p 3 q, p 7 , p 2 q 2 or p 8 for some primes p < q < r.
If n = p 7 or p 8 , because p, p 2 , p 3 are not in AP, we eliminate this case. If n = p 2 q 2 , then A n = {p, p 2 , q}. If q > p 2 , then in order that A n is in AP, q = 2p 2 − p = p(2p − 1), which contradicts that q is a prime. If p < q < p 2 , then 2q = p 2 + p = p(p + 1). It follows that p = 2 and q = 3. So, n = 36. This is item (ix). If n = pqr, either r > pq or r < pq.
If r > pq, then A n = {p, q, pq}. Then p = 2q/(q + 1) < 2, a contradiction. If r < pq, then A n = {p, q, r}. Then 2q = p + r. This is item (x). If n = pq 3 , then A n = {p, q, pq}. So, 2q = p + pq and so, p = 2q/(q + 1) < 2, a contradiction. If n = p 3 q, either q > p 3 or q < p 3 .
If q > p 3 , then A n = {p, p 2 , p 3 }, which is not in AP. If q < p 3 , then A n = {p, p 2 , q}. If q > p 2 , then A n is in AP if and only if 2p 2 = p + q. So, q = p(2p − 1), a contradiction. If q < p 2 , then A n is in AP if and only if 2q = p + p 2 = p(p + 1). So, p = 2, q = 3 and n = 24. This is item (xi). Case 5: k = 4. By (1.3), τ (n) = 10 or 11. By (1.2), n = p 9 , pq 4 , p 4 q or p 10 for some primes p < q. As above, we can eliminate cases when n = p 9 or p 10 .
If n = pq 4 , then A n = {p, q, pq, q 2 }. It follows that q + pq = p + q 2 . So, p = q, a contradiction. If n = p 4 q, then we consider three subcases.
If p 2 < r, then the three smallest numbers are p < q < p 2 . So, 2q = p(p + 1), which gives (p, q) = (2, 3). If r < pq, then r = 5 and n = 60. This is item (xii). If r > pq, then p < q < p 2 < pq < r. So, 2pq = p 2 + r and so, r = 8, a contradiction. If p 2 q < r, then A n = {p, p 2 , q, pq, p 2 q}. Similar as above, it must be that p < q < p 2 . So, p < q < p 2 < pq < p 2 q. Since the three smallest numbers are p < q < p 2 , as above, (p, q) = (2, 3). However, 2, 3, 4, 6, 12 are not in AP. If n = pq 2 r, we consider two cases r > pq and r < pq.
If r > pq, then the three smallest numbers in A n are p < q < pq. So, 2q = p + pq, which gives p = 2q/(q + 1) < 2, a contradiction. If r < pq, then the four smallest numbers in A n are p < q < r < pq. So, 2r = pq + q = q(p + 1), which is impossible. If n = pqr 2 , then A n = {p, q, pq, r, pr}. Either p < q < pq < r < pr or p < q < r < pq < pr. As above, the former is impossible. If the latter, 2pq = r + pr = r(p + 1), which implies that r = 2, a contradiction.
